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Abstract: Eulerian–Lagrangian simulations of multiphase flow are known to suffer 

from two errors that can introduce small-scale fluctuations in the number-density of 
the dispersed phase. These errors can be reduced by increasing the number of 
particles in the simulation. Here, we present results to demonstrate that a third error 
exists that can also generate small-scale number-density fluctuations. In contrast to 
the two known errors, this error cannot be lowered by increasing the number of 
particles. Analysis shows that this error is caused by spatial variation at the subgrid 
scale in the interpolation error of the fluid velocity to the particle location. If the particle 
velocity divergence is zero, the particle concentration error remains at the subgrid scale. 
However, if particles preferentially accumulate either due to their inertia or due to 
divergence of the underlying fluid-velocity field, this error manifests as number-density 
fluctuations on the grid scale. The only mechanism of reducing these errors is through 
higher-order accurate interpolation. By studying two model problems, estimates for the 
errors are derived. These estimates are shown to be quite accurate for simulations of 
shock and expansion waves interacting with particles. 
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1. Introduction 
 
In Eulerian–Lagrangian simulations of multiphase flows, the carrier (fluid) phase is 
evolved in the Eulerian framework and the dispersed (fluid or solid) phase is treated by 
the Lagrangian framework. In the Eulerian approach, conservation equations are 
solved for the mass, momentum, and energy per unit volume on a fixed grid. In the 
Lagrangian approach, equations are solved for the position, mass, momentum, and 
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energy of material points that move through the fixed Eulerian grid. (For brevity, we 
will consider the dispersed phase to be solid and hence refer to the material points as 
particles. The issues discussed in this article apply equally to bubbles and droplets, 
however.)The remainder of this article is structured as follows. The general 
mathematical model of multiphase flow in Eulerian–Lagrangian framework is described 
in Section 2. A simplified model is introduced in Section 3. The numerical approach is 
outlined in Section 4. Results are presented in Section 5. Conclusions are offered in 
Section 6. 
 

2. Simulation 
 
We assume that the particles are initially stationary, uniformly distributed within a 
given sub-domain, and to the left of the disturbance. The model problem is shown 
schematically in Fig. 1. Our primary interest is to determine how the particles are 
redistributed as the disturbance propagates through the particles. 

The grid spacing and time step are chosen small enough to ensure that the 
associated errors are negligible. The implementation of two-way coupling is described 
by [1-2]. 
 

 
 

Fig. 1. Schematic of model problem in which a wave moves through a packet of 
particles. In model problem 1 (see Section 5.1), a sinusoidal wave is considered. In 

model problem 2 (see Section 5.2), a hyperbolic-tangent wave is used. 
 

3. Results and Discussion 
 
The fundamental source of non-uniform particle redistribution within a packet is due to 
the manner in which the interpolation scheme approximates the sinusoidal 
fluid-velocity disturbance as the latter propagates through the fixed Eulerian grid. Fig. 
2 shows the exact velocity profile and its approximation by the four interpolation 
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schemes. In non-dimensional terms, the wave propagates to the left by one grid 
spacing in unit time. For ease of interpretation, each figure is centered about the wave 
and the grid locations are marked by black filled circles. Several observations can be 
made. First, as expected, the interpolation error decreases as the order of interpolation 
increases, with the largest error observed for piecewise constant interpolation. The 
error is particularly large in Fig. 2 since only four points are used to resolve the wave. 
More significant than the error itself is how the error changes in time. As the sinusoidal 
disturbance moves through the grid, the collocated values at the grid points vary in 
time. The numerical representation of the disturbance obtained from the interpolation 
changes correspondingly.  
 

 
 
Fig. 2. Exact and interpolated fluid-velocity profiles as a function of time for N=4 and 

A=0.5. The filled circles denote locations with collocated values. 
 
Fig. 3(a) shows the final particle position and its error compared to the exact solution 

as a function of the initial particle position. The variation in the position error as a 
function of the initial particle location presented in Fig. 3(b) is responsible for the 
non-uniform distribution of particles.  
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Fig. 3. Profiles of particle position and deviation from the exact solution at t=20 as a 

function of initial position for , A=0.5. 
 
Fig. 4(a) gives the relative-position η of a particle inside the packet as a function of 

its initial relative-position η0 and the various interpolation methods. The exact solution 
is simplyη=η0. The error in the relative particle position translates into an error in 
spacing between adjacent particles dη/dη0 and hence into an error in local particle 
number-densitydη0/dη . The local particle number-density is presented in Fig. 4(b) for 
the various interpolation schemes. As can be expected, the errors associated with 
piecewise-constant interpolation are large. For instance, in Fig. 4(a), it can be seen that 
the relative-position remains nearly constant at η≈0.92 for 0.5⩽η0⩽0.95. In other 
words, particles that were originally distributed over nearly half the packet are 
concentrated in a narrow region around η≈0.92 after the passage of the wave. The 
corresponding sharp increase in local number-density can be observed in Fig. 4(b). The 
relative-position error for the piecewise linear interpolation is not nearly as large. 
Nevertheless, it can be seen in Fig. 4(b) that the local number-density varies from 
about 0.7 to 1.5. The corresponding errors for the spline and Hermite interpolation are 
small. Fig. 5 shows the relative-position and spacing errors of particles inside the 
packet for the different interpolation schemes. Note that the scalings of the ordinates 
are different. It is observed that the error of the piecewise-linear scheme is about an 
order of magnitude lower than the piecewise-constant interpolation and the 
corresponding errors of the natural cubic spline and Hermite interpolation methods are 
three orders of magnitude lower. 
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Fig. 4. Profiles of particle relative-position and local number-density inside the particle 
packet with initial size unity after the passage of the sinusoidal wave for N=4,τp=0, 

and A=0.5. 
 

 
 
Fig. 5. Profiles of particle relative-position and spacing errors (Epos and Espac) inside 
the particle packet with initial size of one after the passage of the sinusoidal wave for 

A=0.5. 
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The global errors integrated across the entire packet are presented in Fig. 6. We 
observe that the rate of decay of the L2-norm of the relative-position and spacing 
errors is consistent in general with the order of accuracy of the interpolation. The only 
exception is the result for piecewise-constant interpolation, for which the rate of decay 
seems smaller than O(1). The lower error and the faster decay makes higher-order 
interpolation schemes attractive. For a desired level of error, higher-order schemes 
typically require much lower grid resolution. For example, if it is desired that 
L∞(Espac)⩽10-4,Fig. 6(b) indicates that more than 100 points per wavelength are 
needed for piecewise-linear interpolation, but about 10 points are sufficient for cubic 
spline or Hermite interpolation. The behavior of the mean error presented in Fig. 6(c) 
is similar to that of the spacing error.The spread error, shown in Fig. 6(d), is generally 
much smaller than the other errors for all interpolation schemes, suggesting that the 
non-dimensional packet width remains close to unity despite the interpolation error.  

 

 
 

Fig. 6. Evolutions of the relative-position, spacing, mean, and spread 
errors (Epos,Espac,Emean,Esp) as functions of N   for τp=0 and A=0.5. 

 
Fig. 7 shows the relative-position η and local number-density dη0/dη variation 

inside a packet of particles for cases 2-1 and 2-2. Here N=4, i.e., the thickness of the 
hyperbolic-tangent profile is resolved with only four grid points. Similar to the previous 
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problem, for both expansion and compression, the interpolation error redistributes the 
particles and generates errors in the relative particle position and hence in the 
number-density. Fig. 8presents the relative particle-position and spacing errors for 
cases 2-1 and 2-2. Again the piecewise-constant interpolation yields the largest error, 
the error of the piecewise-linear interpolation is an order of magnitude lower, and the 
errors of the natural cubic spline and Hermite interpolations are two orders of 
magnitude lower still. 

Then the sub-packet variation of the local number-density generates grid-to-grid 
variation in particle number-density with a wavelength of two grid cells. A schematic of 
this situation is shown in Fig. 9(a) to demonstrate how the grid-to-grid number-density 
fluctuation is generated. In case 2-2,1+u2=0.5, hence the particles that were initially 
in one cell will be distributed over half a grid cell. So despite the sub-packet fluctuation 
due to the interpolation error, there will be no grid-to-grid number-density fluctuation, 
because the fluctuations will be contained at the subgrid level after the compression of 
the particles (see Fig. 9(b)).  

 

 
 

Fig. 7. Profiles of relative particle position and local number-density of the particle 
packet with initial size unity for cases 2-1 and 2-2 with N=4. 
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Fig. 8. Profiles of particle relative-position error and spacing error (Epos and Espac) 

inside the particle packet with initial size unity for cases 2-1 and 2-2 with N=4. 
 
On the other hand, in case 2-3, where 1+u2=0.6, the packet of particles that were 

initially distributed over one grid cell get compressed to 3/5 of a cell, resulting in a 
grid-to-grid fluctuation in particle number-density that is periodic over three grid cells 
as shown in Fig. 9(c). Therefore, we can state the following rule: If 1+u2 is a rational 
number p/q, the sub-packet variation in particle distribution after the passage of the 
fluid-velocity disturbance will result in a grid-to-grid number-density variation that is 
periodic over p   grid cells. If 1+u2 is irrational, the grid-to-grid number-density 
variation will have no periodic structure. 
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Fig. 9. Schematics for the generation of grid-to-grid number-density fluctuation from 

subgrid number-density variation for cases 2-1, 2-2, and 2-3. 
 

 
 
Fig. 10. Behavior of relative-position, spacing, and mean errors (Epos,Espac,Emean) 
as functions of N   for cases 2-1 and 2-3. Lines denote values of u2 (solid lines: u2=1; 

dashed lines: u2=-0.4). Symbols denote interpolation schemes (filled square: 
piecewise constant; unfilled delta: piecewise linear; unfilled diamond: natural cubic 

spline; filled gradient: Hermite). 
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Fig. 10 shows the relative-position, spacing, and mean errors for the different 
interpolation schemes for cases 2-1 and 2-3. In general, the errors decrease with 
increasing N   and the rate of decay is consistent with the order of accuracy of the 
interpolation scheme. The only exception is the mean error, where N-2 behavior is 
observed for the piecewise-constant interpolation. However, recall that the mean error 
has no influence on the number-density fluctuation. Except for small N, the errors for 
cases 2-1 and 2-3 cases are nearly identical. Unlike for test problem 1, here we can 
compute the number-density error. Fig. 11 shows that the errors for Case 2-1 (the 
expansion wave, u2=1) are consistently larger than those for Case 2-3 (the shock 
wave u2=-0.4). 

 

 
 
Fig. 11. Behavior of number-density error (End) as a function of N   for cases 2-1 and 
2-3. Lines denote values ofu2 (solid lines: u2=1; dashed lines: u2=-0.4). Symbols 

denote interpolation schemes (filled square: piecewise constant; unfilled delta: 
piecewise linear; unfilled diamond: natural cubic spline; filled gradient: Hermite). 
 
Fig. 12 shows the variation of the error measures as a function of N   for the 

disturbance magnitudes u2={0.1,1,10}. All the errors presented in Fig. 12 decay 
with increasing N   at the asymptotic rate dictated by the respective orders of the 
interpolation schemes.  
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Fig. 12. Behavior of relative-position, spacing, and number-density errors 
(Epos,Espac,End) as functions of N  and u2 for cases 2-1, 2-4, and 2-5. Lines denote 
values of u2 (solid lines: u2=0.1; dashed lines: u2=1; dashed-dot lines: u2=10). 

Symbols denote interpolation schemes (filled square: piecewise constant; unfilled delta: 
piecewise linear; unfilled diamond: natural cubic spline; filled gradient: Hermite). 
 
The results for the position, spacing, and number-density errors integrated across 

the packet are shown in Fig. 13 as a function of N   and τp. For large N, the errors seem 
to be the lowest for the tracer particles and increase with increasing particle inertia. For 
very large N  , the influence of τp is smaller than that of the interpolation scheme. 
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Fig. 13. Evolution of relative-position, spacing, and number-density errors 
(Epos,Espac,End) as functions of N  for cases 2-1, 2-6, and 2-7. Lines denote values 

of τp (solid lines: τp=0; dashed lines: τp=1; dashed-dot lines: τp=10). Symbols 
denote interpolation schemes (filled square: piecewise constant; unfilled delta: 

piecewise linear; unfilled diamond: natural cubic spline; filled gradient: Hermite). 
 
The number of particles per cell nppc thus obtained from the filtered Hermite 

solution for the present case is shown in Fig. 14(a).  
 

 
 
Fig. 14. Number of particles per cell nppc from a one-way coupled simulation with 
filtered Hermite interpolation, and theoretical location at which particles enter the 

expansion fan and expansion-fan thickness while entering as functions of the particle 
location at t=136.1. 
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Fig. 15 shows the number-density error at t=136.1. At this time, the head and tail 
of the expansion fan are located at x=-136.1 and -1.98, respectively. Also, the 
location of the tracer particle that initially was at the origin is now located at x=110.69; 
this particle represents the particle contact surface. Note that particles that are 
immediately behind the particle contact passed through the expansion fan when it was 
very narrow and resolved by very few grid points. As a result, the interpolation error for 
these particles is expected to be quite large. In Fig. 15(a) the tracer particles between 
the contact and the tail of the expansion fan (i.e., for -1.98⩽x⩽110.69) have passed 
through the expansion fan. Particles located between -136.1⩽x⩽-1.98 are still 
within the expansion fan, and particles to the left of the head of the fan remain 
unaffected. Fig. 14(b) presents the theoretical location xh at which a particle enters the 
expansion fan and the thickness ξh of the expansion fan when the particle enters as a 
function of a particle’s location at t=136.1. 

 

 
 

Fig. 15. Behavior of particle number-density error End at t=136.1 for a one-way 
coupled simulation of an expansion fan propagating into uniformly distributed particles. 

Solid lines with symbols denote error estimates for various interpolation schemes 
based on the analysis of the model problem with the hyperbolic-tangent profile (square: 
piecewise constant; delta: piecewise linear; diamond: Hermite). Lines without symbols 
denote the numerical results for various interpolation schemes (dashed line: piecewise 

constant; dashed-dot line: piecewise linear; long dashed lines: Hermite). 
 
Numerical simulations were used to compute number-density errors in the same way 

as described above. The results are shown in Fig. 16. It is observed that the behavior 
of the number-density error with two-way coupling is qualitatively similar to that for 
one-way coupling. 
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Fig. 16. Behavior of particle number-density error End at t=136.1 for a two-way 
coupled simulation of an expansion fan propagating into uniformly distributed particles 

as a function of the mass fraction Yp. 
 
The justification for doing so is discussed below. As shown in Fig. 17(a), the shock 

thickness is around 10 cells if measured by a similar approach used for the measuring 
the hyperbolic-tangent profile. 

 

 
 
Fig. 17. Velocity and number of particle per cell profiles as functions of spatial location 
at time t=130. The results shown here is from the filtered one-way coupled Hermite 

solution. 
 
Fig. 18 shows the number-density error plotted as a function of spatial location. With 

the current non-dimensionalization, the shock travels through one grid cell per unit 
time interval. The particle contact surface is located at x=51.6 for the tracer particles 
and x=47.9 for the inertial particles. Once the particles completely exit the shock 



Volume 4 Issue 5 2017 

461 

wave, the number-density fluctuation is maintained at the same level (see the region 
50⩽x⩽125 in Fig. 18(a) and the region 50⩽x⩽90 in Fig. 18(b)), and do not decay 
away from the particle contact as in the expansion fan.  

 

 
 

Fig. 18. Behavior of number-density error End at t=130 for a one-way coupled 
simulation of a shock wave propagating into uniformly distributed particles. Solid lines 
with filled symbols denote error estimates for various interpolation schemes based on 

the analysis of the model problem with the hyperbolic-tangent profile (square: 
piecewise constant; delta: piecewise linear; diamond: Hermite). Lines without symbols 
and with unfilled circle symbols denote numerical results. The lines without symbols 
denote the results with 5000 initial particles per cell; while those with unfilled circle 

symbols are for 1000 initial particles per cell. The line patterns are used to distinguish 
different interpolation schemes (dashed line: piecewise constant; dashed-dot line: 

piecewise linear; long dashed lines: Hermite interpolation). 
 

4. Conclusion 
 
This study employed two model problems with imposed fluid-velocity profiles to show 
how the number-density fluctuations are generated by the interpolation of the fluid 
velocity to the particle location. Different types of error have been plotted as a function 
of the grid resolution, with the goal of serving as guidelines for choosing the grid 
resolution for a given error level. Two physical problems in which the fluid velocity was 
obtained from numerical solutions of the Euler equations, namely of an expansion and 
a shock wave, were also considered. The number-density fluctuations observed in 
those computations match the results from the model problem. In general, 
higher-order interpolation methods, such as Hermite interpolation, result in reduced 
number-density fluctuations compared to lower-order schemes. Finally, it must be 
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pointed out the several simplifications have been made in the present study. For 
example, we have used only one-dimensional examples with particle motion influenced 
by only the Stokes drag. However, the phenomenon described here will be valid in 
more complex 3D time-dependent flows that use more accurate drag and lift forces for 
particle motion. We hope the present study will help better explain (at least 
qualitatively) number-density fluctuations seen in such complex flows. 
 

Acknowledgements 
 
This work is supported by the National Natural Science Foundation of China (No. 
11602066) and the National Science Foundation of Heilongjiang Province of China 
(QC2015058 and 42400621-1-15047), the Fundamental Research Funds for the 
Central Universities. 
 

References 
 
[1] Y. Ling, A. Haselbacher, S. Balachandar, Modeling and simulation of explosive 

dispersal of particles in a multiphase explosion, AIAA Paper 2009-1532, 2009a. 
[2] Y. Ling, A. Haselbacher, S. BalachandarTransient phenomena in one-dimensional 

compressible gas-particle flowsShock Waves, 19 (2009), pp. 67–81 
[3] J. Chao, A. Haselbacher, S. Balachandar A massively parallel multi-block hybrid 

compact-WENO scheme for compressible flows J. Comput. Phys., 228 (2009), pp. 
7473–7491 

 


