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Abstract: In multiphase flows, the length scales of thin regions, such as thin films 
between nearly touching drops and thin threads formed during the interface pinch-off, 
are usually several orders of magnitude smaller than the size of the drops. In this paper, 
a number of extra length criteria for adaptive meshes are developed and implemented 
in the moving mesh interface tracking method to solve these multiple-length-scale 
problems with high fidelity. A nominal length scale based on the solutions of Laplace’s 
equations with the unit normal vectors of surfaces as the boundary conditions is 
proposed for the adaptive mesh refinement in the thin regions. For almost flat 
interfaces/boundaries which are near to the thin regions, the averaged length of the 
interior edges sharing the two nodes with the boundary edge is introduced for the 
mesh adaptation. The averaged length of the interfacial edges is used for the interior 
elements near the interfaces but outside of the thin regions. For the interior mesh away 
from the interfaces/boundaries, different averaged length scales based on the initial 
mesh are employed for the adaptive mesh refining and coarsening. Numerous cases 
are simulated to demonstrate the capability of the proposed schemes in handling 
multiple length scales, which include the relaxation and necking of an elongated 
droplet, droplet–droplet head-on approaching, droplet-wall interactions, and a droplet 
pair in a shear flow. The smallest length resolved for the thin regions is three orders of 
magnitude smaller than the largest characteristic length of the problem. 
 
Keywords: Moving mesh interface tracking (MMIT), Mesh adaptation, Adaptive mesh 
refining (AMR), Adaptive mesh coarsening (AMC), Necking thread, Thin film, 
Length-scale, Arbitrary-Lagrangian–Eulerian (ALE) 
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1. Introduction 
 
In last few decades, a number of numerical schemes have been developed for 
simulating immiscible and incompressible multiphase flows. Volume of fluid [1], level 
set [2-3] , front tracking [4], and diffusive-interface methods [5] are among the 
numerical schemes in which a fixed grid is used for solving the Navier–Stokes 
equations and the interface is represented and located by different data structures or 
functions. Therefore, the velocity of the interface is calculated by interpolation 
methods. Although in these methods, the interface can be of zero-thickness, the jumps 
across the interface (such as the surface tension forces, the densities, and the 
viscosities) are usually smoothed in a finite-thickness interface region. These methods 
have been successfully used for simulating the pinch-off and coalescence of drops and 
bubbles, and the literature is abundant, for examples [6-12]. However, the underlying 
physics in the thin regions was often not well resolved in these simulations. Anderson 
et al. [13] developed a level-set method coupled with adaptive unstructured volume 
remeshing scheme, and using a local length scale based on a linear function of the 
magnitude of the level-set function, Zheng et al. [14] simulated a drop impacting onto 
a fluid interface in 2D with the minimum thickness of O(10−2) times the droplet radius 
for the smallest prescribed meshing parameter.  

In this paper, we developed a number of length criteria for the three-dimensional 
unstructured mesh adaptations and implemented to the moving mesh interface 
tracking (MMIT) method by Quan and Schmidt [15] to simulate the multiphase flows 
with wide range of time-depended length scales.  
 

2. Simulation 
 
To address the above mentioned challenge, let us investigate the thin regions as shown 
inFig. 1, where, for simplicity, a two-dimensional sketch is displayed. The interfaces are 
denoted by the thick lines and the thick line with sloped short lines stands for a solid 
wall. In the figure, three typical scenarios of the thin regions in multiphase flows are 
demonstrated, i.e. (a) the thin film between two drops/bubbles, (b) the thin film 
between a drop/bubble and a wall, and (c) the thin filament in droplet/bubble necking. 
As all the thin regions are formed between surfaces in 3D, except the characteristic of 
being thin, we shall examine the surface normal vectors. Let us define the surface 
normal vectors of the interfaces pointing toward the droplets and the surface normal 
vectors of the walls (or outer boundaries) pointing away from the domain, as shown 
in Fig. 1, where the arrows stand for the surface normal vectors. An unknown vector 
with three components in 3D and is located at the cell center (see Fig. 2). It should be 
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noted that the unit vector of the surface normal is used to avoid any size effects of 
different problems. 
 

 
 
Fig. 1. Three kinds of thin regions: (a) a thin film between two drops, (b) a thin film 
between a drop and a solid wall, and (c) a thin thread in droplet necking. Thick lines 

denote the interfaces and the arrows stand for the normal vectors of the 
interfaces/boundaries. 

 

 
 

Fig. 2. A 2D sketch of cells and the sharing face. 
 

3. Results and Discussion 
 
To test the ability of the proposed nominal length scale for the locally dynamic mesh 
adaptation, especially in thin regions, a simulation of a drop moving toward a solid wall 
is performed until there is a thin film formed, as shown in Fig. 3. The mesh of the whole 
domain near the central plane is shown in Fig. 3(a), while an enlarged view of the mesh 
near the thin film region is displayed in Fig. 3(b). From Fig. 3(a), it is noted that the 
mesh near the droplet is much finer than anywhere else, however from the enlarged 
view, it is observed that the resolution in the thin film region is not enough. There are 
only two layers of grids inside the thin region. To have a finer mesh with more uniform 
mesh size in the thin region, the Laplace’s equations with boundary conditions (as 
shown in Fig. 4(a)) are solved based on the current mesh, and the solutions are 
displayed inFig. 4(b) and (c). Fig. 4(b) shows the contours of the magnitude of ϕ, and 
it can be seen that the gradients of the solutions in the thin film region are the 
largest. Fig. 4(c) demonstrates the detailed solution near the thin film region, and it is 
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clear that the variation of ϕ is dramatic.Fig. 4(d) displays the mesh and the vectors 
of ϕ after the mesh refinement based on the nominal length criterion is applied. The 
mesh inside the thin film is finer and the distribution ofϕ is much smoother, especially 
in the middle section. 
 

 
 

Fig. 3. Interior mesh of the droplet and the surrounding phases for a droplet 
approaching a substrate. The blue mesh is droplet and the black mesh denotes the 
surrounding fluid. (a) Overall view and (b) enlarged view of the region between the 

droplet and the substrate. Here 50% depth blanking from the front is applied to show 
the cells near the central plane. 

 

 
 
Fig. 4. (a) Boundary conditions of the case in Fig. 3. (b) Contour distribution of the 

solutions of the Laplace’s equation. (c) Enlarged view of ϕ vectors near the thin film 
region. (d) The mesh and the solution vector distribution after the refinement. 

 
Fig. 5 shows the mesh after applying the above length criteria, i.e. for the interfacial 

edges or the edges on the wall, ifledge ⩾ 1.54lbe then the edge bisection is applied, 
and for the interior edges connected to the interfacial nodes, if ledge ⩾ 1.64lie then 
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the edges are bisected. Compared to the mesh in Fig. 4, the mesh is more uniform and 
is better in quality.  

 

 
 
Fig. 5. Mesh near the thin film region after all the length criteria are employed for mesh 

refinement. 
 
There are cases that after drops/bubbles move several radii (R0), the mesh in some 

interior regions of the computational domain is unnecessary fine which limits the time 
step and thus slows down the computation. However in other interior regions the mesh 
becomes very coarse and the resolution is not enough. Fig. 6(a) shows such a case, in 
which the mesh in the droplet wake (the drop moves downward) is very fine while in 
other regions, such as the one far away from the drop and the one inside the drop, the 
mesh is too coarse and also loses its uniformity.  

 

 
 
Fig. 6. (a) Mesh before and (b) after the adaptive mesh refining and coarsening for the 

interior edges using the average length based on the initial mesh size. 
 
Fig. 7 displays the shape evolution of an initially elongated droplet. The initial drop 

has a shape of a cylinder at the central region and two bulbous ends, as shown in the 
image   

Fig. 8 shows the detailed mesh and shape near the neck region. The left images 
display the interfacial mesh while the right ones plot the corresponding enlarged views 
of the interior meshes for both the drop and suspending phases near the thinnest 
region. To facilitate the observation of the two phases, the mesh of the drop is colored 
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blue while the mesh in the suspending phase is colored black. The images on the right 
hand side are scaled to demonstrate the changing in the neck region, while to clearly 
observe the mesh in the thin region the enlarged views are not scaled.  
 

 
 

Fig. 7. Relaxation and necking of an initially extended drop driven by the surface 
tension force. The droplet is colored by its radius in the plane perpendicular to the 

direction of the relaxation. 
 

 
 
Fig. 8. Detailed views of the necking region of the case in Fig. 7. Only the surface mesh 
on the droplet is shown in the left images, while the interior mesh for both phases near 
the thinnest necking region is displayed on the right hand side with the mesh in drop 
being blue and mesh in suspending phase being black. The images on the left hand 

side are scaled while the ones on the right hand side are not. 
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Fig. 9 shows the initial velocity distribution of a droplet approaching a solid wall 
where the solid wall is denoted by the thick line at the bottom and the circle in the 
central stands for a cut of the drop at xy plane. The droplet centroid velocity is 
in y direction and thus is perpendicular to the solid wall. A vortex ring is observed near 
the droplet by noting that the figure is just a xy plane cut.  

As the droplet approaches the solid wall, the droplet deforms, and the deformation 
evolution is displayed in Fig. 10 at t = 0, 0.25, 0.5, 7.5, 1.0, 1.25, 1.5, and 1.59, 
where t is non-dimensionalized by D0/Uc with D0 being the diameter of the initial 
spherical droplet and Ucbeing the initial centroid velocity of the drop. As time 
progresses, the droplet deforms into a tear shape, and when the droplet is very near to 
the wall, the front of the droplet become flattened. At t = 1.59, there is a thin film 
formed between the droplet front and the wall. To clearly view the overall shape of the 
thin film, an enlarged view of the thin film is demonstrated in Fig. 11, where 
the x and z axes are non-dimensionalized by D0. It is clear that the droplet is dimpled 
near the thin film region. 

 

 
 
Fig. 9. Initial velocity field for the head-on droplet-wall interaction. The circle inside the 
domain represents the droplet and the thick straight line at the bottom stands for the 

wall. 
 

 
 
Fig. 10. Shape evolution for the head-on droplet-wall interaction. The non-dimensional 
time series from left to right and from the top to bottom is 0, 0.25, 0.5, 7.5, 1.0, 1.25, 

1.5, and 1.59. 
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Fig. 11. Overall view of the thin film at t = 1.59 of the case in Fig. 10. The two axes are 

non-dimensionalized by the initial diameter of the drop. 
 

The detailed view of the mesh near the thin region at the central plane is displayed 
in Fig. 12with the blue mesh for the droplet and the black mesh for the suspending fluid. 
The smallest width of the thin film is around 0.7% of the diameter of the spherical 
droplet, and there are at least four layers of the tetrahedral meshes in the thin film 
region. Steinhaus et al. [38]examined the droplet size effects on the thin film drainage 
between a droplet and a substrate, and they reported that the estimated thickness of 
the thin film when the interface rupture occurs is around O(10−3) smaller than the 
droplet size. The streamlines at t = 1.59 near the central plane are shown in Fig. 13, 
and a large vortex ring is observed. These streamlines are interpolated from the 
calculation on the three-dimensional asymmetric mesh, and thus they do not appear 
exactly symmetric. Compared to the initial vortex ring, the vortex ring at t = 1.59 is 
flattened. 

 

 
 
Fig. 12. Enlarged view of a part of the thin film at t = 1.59 of the case in Fig. 10 with 
mesh in drop being blue and mesh in suspending phase being black. The dash-dot-dot 

line on the leftmost side stands for the axis of symmetry. 
 

 
 
Fig. 13. Streamlines at the central plane at t = 1.59 of the case in Fig. 10 and the drop 

is denoted by the thick line. 
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Fig. 14 shows the shape evolution of a more general case where the angle between 
the droplet centroid velocity and the wall is 76° rather than 90° in the previous case. 
The governing non-dimensional number is the same as the previous case. The wall is 
denoted by the sloped thick line, and the droplet almost touches the wall at t = 2.78. 
To clearly observe the details of this nearly touching region, the enlarged views are 
plotted in Fig. 15 with the mesh colored the same way as the one in the previous case. 
The overview of the thin film and the mesh is displayed in the subfigure (a), and it can 
be seen that the droplet is dimpled. Fig. 15(b) shows the detailed view of the region 
inside the red trapezoid in (a). Again, the mesh quality is good and the mesh resolution 
is reasonably fine. 

 

 
 

Fig. 14. Shape evolution of a droplet approaching an inclined solid wall. The 
non-dimensional time series from the left to the right are 0.25, 0.79, 1.70, 2.67, and 

2.78. 
 

 
 
Fig. 15. Mesh near the thin film region at t = 2.78 of the case in Fig. 14. The blue mesh 
stands for the droplets, and the black mesh denotes the suspending phase. (a) Overall 

view and (b) the enlarged view of the region in the red trapezoid in (a). 
 

The shape of the two drops and the domain mesh at the time when the smallest 
width of the thin film is 0.4%D are displayed in Fig. 16 
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Fig. 16. Droplets’ shape and the interior mesh at the final stage of the simulation of two 
drops near-contact motion. The mesh of the drops is colored blue and the mesh of the 

suspending phase is colored black. The width of the thin film is 0.4%D0. Re = 20 
and We = 0.2. 

 
The evolution of the thin film in the central plane is shown in Fig. 17, where the 

largest thin-film-width is 2% and the smallest is 0.4%. With the decrease of the thin 
film width, the two sides of the thin film become flattened, and at the smallest width 
the two sides are straight and almost parallel. For a larger Weber number a dimple was 
observed. The meshes near the thin film are shown in Fig. 18 at three different stages 
where the widths of the non-dimensional thin film are 1.6%, 1.0%, and 0.4%, 
respectively. There are more than four layers of tetrahedra in the thin film, while in the 
previous work there were only two layers of grids. Again the mesh quality is better. 

 

 
 

Fig. 17. Evolution of the thin film of the case in Fig. 16. The two axes are 
non-dimensionalized by D0. 
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Fig. 18. Mesh near the thin film region of the case in Fig. 16. From the top to bottom, 
the non-dimensional widths of the thin film are 1.6%, 1.0%, and 0.4%. The blue mesh 

stands for the droplets, and the black mesh denotes the suspending phase. The 
dash-dotted line stands for the axis of symmetry. 

 
Fig. 19shows a sketch of a droplet pair in a shear flow, where the densities and the 

viscosities for the two drops and the suspending flows are ρd ,µd and ρs ,µs, respectively, 
and the surface meshes on the two drops are displayed. Initially, the two drops are 
spherical with a radius of R0. 

Fig. 20 shows the shape evolution for the simulation, where time t   is 
non-dimensionalized by . As time progresses, the two initially spherical drops deform 
to ellipsoids due to the strong shear forces, and the smallest distance between the two 
drops decreases (see Fig. 20(b). At time of Fig. 20(c), a rather wide gap is formed. 
Then after a very short time (Fig. 20(d)), the wide gap becomes very thin, and a thin 
film is formed. The two drops continue deforming, and the thin film becomes thinner 
and thinner until t = 7.25, i.e. Fig. 20(f). At Fig. 20(g), the orientation of the thin film 
almost aligns with the free stream direction, and the thin film region shrinks. And then 
the thin film region continues shrinking until t = 9.01. Aftert = 9.49 as the two drops 
are far away from each other, the thin film disappears, and then the distance between 
the two drops increases with time. 

 

 
 

Fig. 19. A sketch of a droplet pair in shear flows. 
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Fig. 20. Shape evolution of the droplet pair in the shear flow. The time sequence from 
(a) to (n) is 0, 4.92, 6.02, 6.51, 7.03, 7.25, 7.51, 8.01, 8.49, 8.75, 9.01, 9.49, 10.01, 

and 12.74. 
 

Fig. 21 shows the meshes near the central plane of the domain for the two drops and 
the suspending phase at three different times, i.e. t = 7.25, 8.01, and 8.75, where the 
blue mesh is for the drops and the black mesh is for the suspending fluid. To clearly 
observe the thin film, the image on the right hand side displays the corresponding 
enlarged view of the thin film region of the plot on the left hand side. 

 

 
 
Fig. 21. Interior mesh for the droplet pair in the shear flow. (a) t = 7.25, (b) t = 8.01, 
and (c) t = 8.75. The figure on the right hand side is the enlarged view of the thin film 
region corresponding to the left hand side image. The mesh of the droplets is colored 

blue while the mesh in suspending phase is colored black. 
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4. Conclusion 
 
A number of length criteria are proposed and implemented for the adaptive mesh 
refinement and coarsening in the moving mesh interface tracking scheme to simulate 
the incompressible and immiscible multiphase flows with a wide range of length scales. 
Multiphase flows with three different types of thin regions, namely, thin threads, thin 
films between interfaces, and thin films between interfaces and solid walls, have been 
simulated, and these simulations demonstrated the ability of the proposed length 
criteria in capturing the tiny length scales in the thin regions, in distributing mesh in an 
optimized fashion, and in saving computational costs. The nominal length scale based 
on the variation of the surface normals makes it possible to perform adaptive mesh 
refining in the thin region in an automatic fashion without prescribing the size of the 
thin regions. Other length criteria are based on the averaged length of the neighboring 
edges or the initial edge lengths. The smallest length scale resolved is O(10−3) smaller 
than the size of the drops, and it can be even smaller if necessary. 
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