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Abstract: The traditional complex kalman filtering algorithm is based on the mean 

square error criterion. When the noise signal is circular Gaussian signal, the mean 

square error criterion will be optimal. However, when complex signals are involved in 

practice, state noise and observation noise usually have non-circular characteristics 

under some circumstances. Therefore, when dealing with complex signals in the real 

world, only using the traditional complex kalman filtering algorithm will not achieve 

the optimal performance. In view of the above mentioned situation, the complex 

kalman filtering algorithm under the influence of non-circular signals is deeply studied 

in this paper, and gaussian entropy is introduced into the kalman filtering algorithm, 

and good results are obtained.   
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1. Introduction 

Kalman filtering theory has been applied to various fields. These include areas such 

as navigation, communication and sensor networks [1-2]. In addition, according to 

various situations in real life, researchers have conducted deeper research on kalman 

filtering theory, such as enhanced Kalman filtering algorithm, square root Kalman 

filtering algorithm, complex kalman filtering algorithm, etc. 

In the engineering field, complex signals are very common. In order to process these 

complex signals, complex kalman filtering algorithm is generated immediately. The 

traditional complex kalman filtering algorithm is based on the mean square error 

criterion. When the noise signal is circular Gaussian signal, the mean square error 

criterion will be optimal. However, when complex signals are involved in practice, state 

noise and observation noise usually have non-roundness characteristics in some cases 

[3]. This property is that the real part is related to the imaginary part but the variance 

of the real part is not equal to the variance of the imaginary part.In this paper, 
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compared with the traditional complex kalman filter, which only considers the 

covariance matrix but ignores the pseudo-covariance matrix, a complex signal is 

represented by the traditional covariance matrix and the pseudo-covariance matrix. 

Will cost function of gaussian entropy is introduced into the kalman filtering algorithm 

to form a new type of filter, so it can use of the advantages of gaussian entropy of 

non-circular signals, and can realize the kalman filtering algorithm can real-time and 

high precision estimate the stationary random signals and the advantages of non-

stationary random signal, signal filtering to realize the real environment has important 

practical significance. 

For these non-circular or distortion of signal processing, first appeared in the field of 

fanaticism, separation, in this area, the researchers by considering the signals of the 

non-circular features by means of data processing to deal with these non-circular 

signals, this method is put forward has made in the field of separation of fanaticism, 

get further development. One of the most important techniques in the field of blind 

signal separation is the independent component analysis (ICA) algorithm, which 

decomposes data with multiple variables into as many independent components as 

possible through mathematical methods. Under certain assumptions, the non-circular 

characteristic of the signal is taken into account in the independent component 

analysis algorithm and used in the distorted signal, which can obtain higher gain than 

the previous algorithm [4]. Independent component analysis has been used in many 

fields, among which medical data analysis and communication signal processing are 

the most extensive. 

                   

Fig. 1 Signal hash point diagram   Fig. 2 An undistorted hash map of a circular signal 

 

The radar signal data in Fig. 1 is a narrowband signal. With the hash point diagram in 

the figure, it can be clearly seen in this paper that the narrow-band radar signal is a 

circular signal because the gain and phase of the same channel and orthogonal 

channel of the narrow-band radar signal match each other. In Fig. 2, the covariance 

value of 8-QAM signal is zero, so this signal is an undistorted second-order circular 

signal, but the distribution of 8-QAM signal is not rotation-invariant, so it is a non-
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circular signal. 

So far, no researchers have introduced Gaussian entropy into the Kalman filtering 

algorithm. In view of the superior performance of Gaussian entropy in processing non-

circular signals in complex domain and the application of Gaussian entropy in 

processing non-circular signals in MSE criterion, this paper introduces Gaussian 

entropy into the Kalman filtering algorithm. 

 

2. The study of Gaussian entropy  

Entropy was originally derived from thermodynamics in order to show the degree of 

disorder in thermodynamic systems. Later, it was introduced into information theory 

by Shannon, namely shannon entropy and information entropy mentioned in this 

paper [5]. The main purpose of information entropy is to describe the relationship 

between the amount of information and the uncertainty of information. 

Suppose a discrete random variable x ,The probability density function for  f x ,We 

can know that, according to information theory have given the definition of the random 

variable since the amount of information for    logI x f x  ,We through the
 

probability density function of a discrete random variable x ,  f x obtained the average 

amount of information for: 

 
     logH x f x f x dx                         

 (1)
 

In formula (1), H(x) is called the entropy of the random variable x, which characterizes 

the uncertainty of the random variable and shows the expectation of the amount of 

information generated by all possible events. At the same time, we can also know that 

the greater the uncertainty of the random variable is, the greater the entropy of the 

random variable will be; on the contrary, the smaller the uncertainty of the random 

variable is, the smaller the entropy of the random variable will be [6]. 

Of course for a random number letter x, select its length is N, the amount of N discrete 

random signal through to form can be table and shown as  TNxxxx ,...,, 21 , Let x get 

pdf as  xf , Then the entropy of N discrete random signals can be written as: 

     logH X f X f X dX                                   
 (2) 

But the entropy of a random signal x in the complex domain is going to be different 

from the entropy that we defined before. It is defined by the entropy of the complex 

vector real part of rx of the random signal x in the complex domain. According to the 

above definition, the entropy of a Gaussian random signal x in the complex domain 

with augC augmented covariance matrix can be obtained: 

  
   

21
log det

2

N

augH x e C 
                                         

(3)
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For the entropy of a non-circular complex Gaussian random signal, we can rewrite the 

formula as: 

 
21

log det
2

N

noncir augH e C 
                          

(4) 

We find that when the complex gaussian random signal x is a circular signal, the 

entropy of the complex gaussian random signal x is the maximum, and when the 

complex gaussian random signal X is a non-circular signal, the loss of the x entropy of 

the complex Gaussian random signal x is determined by the second term of the 

roundness spectrum function in the non-circular Gaussian entropy formula. Of course, 

the loss of x entropy of a complex Gaussian random signal can also be used as a way 

to measure the degree of signal distortion. It is easy to draw, when k=1, signal 

maximum distortion, if the signal performance on a two-dimensional plane, it's easy 

to see the signal is a linear shape. Therefore, we should pay attention to the following 

points when we carry out simulation test on non-circular signals. Firstly, when 

designing the non-circular signal model, the model should better capture the 

characteristics of non-circular signals. Secondly, the non-circular model has a wider 

range of choices than the circular model. However, in order to better demonstrate the 

characteristics of the algorithm on non-circular signals, we should try to use simple 

non-circular models to avoid the impact on the effectiveness of the evaluation 

algorithm due to the over-fitting of noise. Of course, using a circular signal or a signal 

close to a circle in a non-circular model often does not produce ideal results. For 

example, in a non-circular model, the convergence rate in the simulation iterative 

algorithm for circular signals will slow down. This also let we found that, when the 

complex domain signal is circular or is a nearly circular, we select model according to 

the information theory criterion, usually choose circle model, because this kind of 

model for this kind of signal will produce a better result, at the same time, when the 

low signal noise ratio (SNR) and the signal of the sample is too little, we will be more 

inclined to use circular signals model to deal with. 

A key problem of how to choose a suitable model for signal processing is how to detect 

the non-circularity of the signal. Of course, the simplest way is to use the generalized 

likelihood ratio to check the distortion of the signal. This test is based on the second 

term of entropy. 

Of course, in this paper, we obtain the definition of Gaussian entropy in another way. 

It can be concluded that the entropy of the random signal x in the complex domain is   

     
      , log ,H x H x x E p x x  

                                  (5) 

We are going to complex domain stochastic signal x and its conjugate signal x as two 

independent variables obtained the complex domain random signal x probability 

density function: 
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1

2 2

22

1
, exp 2 ,

det

H
x x

p x p x x
x x

E x E x

E x E x



 

 



    
       
      

 
 

   
 
              

(6) 

To every function need, we do paired comparison of the satisfied degree of all 

alternatives, and build paired comparison matrixes, then by using the optimization 

model, we get the satisfied degree. The thermal efficiency showed significant 

variations between the different isohel mixtures and pure diesel for the Ethanol-Diesel 

and Methanol-Diesel mixtures [3-4]. 

 

3. Kalman filtering algorithm based on Gaussian entropy 

The difference between the complex kalman filtering algorithm and the Gaussian 

entropy-based Kalman filtering algorithm proposed in this chapter is that the Kalman 

gain is obtained in different cost functions [7-8]. In complex kalman filtering algorithm, 

the minimum mean square error (MSE) cost function is used to obtain Kalman gain. 

In the proposed complex Kalman filtering algorithm based on Gaussian entropy, the 

Gaussian entropy cost function is used to obtain the Kalman gain. In this paper, we 

first put forward the application of Gaussian entropy to the cost function of Kalman 

filtering algorithm, and give the derivation process in detail. In this algorithm, formula 

(1) is used as the cost function of non-circular signals in Kalman filtering algorithm. 

By using this cost function, the Kalman gain kG of the Kalman filtering algorithm based 

on Gaussian entropy can be estimated, which is given by the following formula:  

     2 2| |H T

GE k k k k kJ G E e e E e e 
                                    (7) 

We consider the complete second order statistic of ke , and for a circle of ke , the 

following theorem holds. 

Theorem 1: When ke
is a circle, the cost function based on Gaussian entropy is equal 

to the cost function of complex Kalman filtering algorithm 

Proof: When ke is a circle, we can get   0T

k kE e e  and 

     2 2

|

H

GE k k k k kJ G E e e Tr P 
                                           (8) 

Kalman gain profit kG
can through

  0GE k kJ G G  
concluded:    

 
 

 
2 0

GE k r k

k

k k

J G T P
Tr P

G G 

 
 

 
                                         

(9) 

Therefore, it can be concluded that: 
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2 0

MSE k k

k k

J G Tr P

G G 

 
 

                                       

  (10) 

Therefore, the cost function based on Gaussian entropy is equivalent to the complex 

kalman filtering algorithm in a circular signal. 

We apply the new cost function to the Kalman filter algorithm to deduce the Kalman 

gain variable [9]. The least mean square error matrix and the least mean square error 

expectation matrix obtained by this method are different from those obtained based 

on the criterion of mean square error. For the previous Kalman filtering model, we can 

get: 

  1k k k k k k k ke I G C A e w G   
                        

 (11) 

The pseudo-covariance matrix of the covariance matrix and the state error is given by 

the following formula: 

  | | |
ˆ ˆ

H

k k k k k k k kE x x x x    
                                       

 (12) 

  | | |
ˆ ˆ

T

k k k k k k k kE x x x x    
                                         

(13) 

Combined, we have to 

 | 1

H H

k k k k k k k k kI G C A A Q G G
                                   

 (14) 

   | 1

H

k k k k k k kI G C A Q I C
                                      (15) 

According to the condition 

| 1 | 1 1| 1
ˆ ˆ

k k k k k k k k ke x x x A x      
                                  (16) 

The kalman gain kG of kalman filtering algorithm is estimated, and the results are as 

follows 

   | |k k k k kTr Tr   
                                         

 (17) 

  
   | |k k k k kTr Tr   

                                       (18) 

  is degraded in the formula of function, the scope of the value of 10  .  

 

4. Simulation 

There are accidents of falling baskets. In the second method, the operators’ safety 

belt is not being fastened. If the belt is fastened, it’s inconvenient for the operators to 

work. In order to ensure the safety of the operators working in the crane sweep and 

avoid harm to workers, a safety device convenient for work and belt fastening is 

proposed. This device can not only fasten the belt but also avoid of decreasing the 

flexibility of operators. 

We estimate the Kalman gain by minimizing the cost function based on Gaussian 
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entropy, where the gaussian estimation gradient is 

   2 H HGE
k k k k

k

J
E e e E z e

W 


 

                                

(19)

 

In order to get the minimum point, we make 0GE kJ W    . 

Will    T H

k k k k kE e e E e e  generation into the male type (19), we have to 

   0H T

k k k kE z e e 
                                         (20) 

The following results are obtained 

    
       H H T H T H

k k k k k k k k k k k k k k k k kE z x z z W z z W E z x z x E z z W       
               (21) 

We can rewrite formula (21) a little bit further 

       H T H T

k k k k k k k k k k k kE z x E z x E z z W E z z W     
                     (22) 

Where 

                       

   

   

H T

k k k k k

H T

k k k k k

E z z E z z

E z z E z z








 

 
 
 
                            

(23) 

     

   

   

H T

k k k k k

T H

k k k k k

E z x E z x

E z x E z x








 

 
 
 
                                   

(24) 

The theoretical model of simulation is as follows 

|
ˆ

k

o o

k k k k z k

H

k k k k k k k

x x w W H w

e x x x W z

   

   
                                      

 (25) 

Under the bar for the noise state xK , parameter
o

kW and observation value kZ ,We can 

use the mean square error (MSE) algorithm shown in Common equation (22) and the 

Gosse entropy algorithm shown in common equation (19) to estimate the parameter 

kX separately. Then we test the MSD1 and MSD2 of the two algorithms. We show the 

different performances obtained by changing the non-circular coefficient DNC when 

the SNR is 3dB.At the same time, it can also be found that when additive noise is a 

circle, i.e. 0eP  .Mean square error and Gaussian entropy have the same performance. 

Moreover, although we change the non-circular coefficient of noise, we find that the 

performance of MEAN square error does not change. For Gaussian entropy, we can 

clearly see that the effect gets better as the additive noise non-circular coefficient gets 

larger. 

When the additive noise is completely noncircular, hence, 1eP  ,The parameters 

estimated by the system are identical to the original parameter
o

kW .We show that when

1eP  non-circular coefficient, With the change of SNR, the parameters estimated 
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based on Gaussian entropy are consistent with the original parameter 
o

kW
.Table 1 

shows the different MSD values obtained by changing the non-circular coefficient DNC 

when the SNR is 3dB.The columns in Table 1 represent MSD as confirmed by formula 

22.It can be found that during the transformation of the non-circular coefficient DNC 

from 0 to 1, 2MSD of MEAN square error and Gaussian entropy do not change, and the 

mean square error algorithm is always less good than the Gaussian entropy algorithm. 

As for the MSD1 proved by Formula 22, we can clearly understand from Table 1 that 

MSD1 of the MSD1 algorithm has not changed during the transformation of the non-

circular coefficient DNC from 0 to 1, while MSD1 of the Gaussian entropy has been 

changing and is better than the MSD1 algorithm. When the non-circular coefficient of 

noise reaches 1, the MSD1 of Gaussian entropy reaches the best. 

Table 1 SNR = 3 dB Different ratios in noise signal DNC 

 

Of course, in the case of a dynamic system, the initial state of the dynamic system is 

readily obtainable, and the theory is tested through a dynamic system. We show 

separately the real and imaginary parts of the state noise kW and the measured noise 

kV when the non-circular system DNC is 0.6, 0.8, 0.9 and 0.99.In this experiment, we 

use the following dynamic system to test the performance of the complex Kalman filter, 

the enhanced Kalman filter and the Gaussian entropy-based Kalman filter under the 

known noise and the observed noise 

                       

1k k k k

k k k k

x A u w

y C x 

 

 
                                       

(26) 

In the formula (26), 1ku is the unknown input signal, kA and kC is a randomly generated 

matrix, the original state of this dynamic system can be written as: 

                        1

o

k k kx A u 
                                                   (27) 

We set the ratio of the input signal to the state noise and the ratio of the input signal 

to the observation noise to 26dB and 20dB respectively. In order to meet the above 

conditions, the input signal is obtained through three formulas in Formula (28): 
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1 1 2

1 1 1

2 3 4

1 1 1

3 5 6

1 1 1

k k k

k k k

k k k

u g jg

u g jg

u g jg

  

  

  

 

 

 

                                            

 (28) 

In formula (28),
1

1kg  and
2

1kg  is a Gaussian with a zero mean,
3

1kg  and
4

1kg  is a uniform 

distribution with zero mean,
5

1kg  and
6

1kg  is a pulse signal, Some pulse impact signal 

through      kFkbkg  ,Here  kb has a probability of success for    3.01  pkbP  

Bernoulli process,  kF is a gaussian noise with zero mean. Figure 4-4 shows the sizes 

of the four different types of input signals. Table 2-5 shows that when the non-circular 

coefficients of noise are 0.6, 0.8, 0.9 and 0.99, the mean square value of the three 

algorithms mentioned above is stable at 
1MSD .In Table 2-5, we can clearly find that 

when the non-circular coefficient of input state noise and observation noise is much 

higher than 0, the Kalman filtering algorithm based on Gaussian entropy has better 

performance than complex kalman filtering algorithm and enhanced Kalman filtering 

algorithm. 

 

Fig. 3 The noise is different from the 1MSD ratio of DNC  

 

 

Fig. 4 The noise is different from the 1MSD ratio of DNC  
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Table 2 Comparison of noise signal 6.0DNC  

 

Table 3 Comparison of noise signal 8.0DNC  

 

Table 4 Comparison of noise signal 9.0DNC  

 

Table 5 Comparison of noise signal 99.0DNC  

 

 

Fig. 5 99.0DNC , 1MSD under three algorithms of input signal 
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Fig. 6 A comparison between imaginary parts of a signal 

At the same time, we can also find that when the input state noise and the non-circular 

coefficient of the observation noise increase, the value of
1MSD of the complex kalman 

filtering algorithm remains unchanged, the value of
1MSD of the enhanced Kalman 

filtering algorithm slowly increases, and the value of 1MSD of the Kalman filtering 

algorithm based on Gaussian entropy rapidly decreases. When the value of the non-

circular coefficient of the input state noise and the observation noise is equal to 0.99, 

Figure 3 shows the
1MSD value after iteration of the complex kalman filtering algorithm, 

the enhanced Kalman filtering algorithm and the Gaussian entropy-based Kalman 

filtering algorithm. These results show that the Kalman filtering algorithm based on 

Gaussian entropy has better effect than complex kalman filtering algorithm and 

enhanced Kalman filtering algorithm when the input state noise and observation noise 

are non-circular noise. When we use the 4

1ku as input signals, figure 4 shows the 

original state of real component and use the plural kalman filter algorithm, kalman 

filtering algorithm, kalman filtering algorithm based on gaussian entropy estimate the 

state of the comparison between the real component. The corresponding figure 6 

shows the comparison between the imaginary parts. It is easy to see that the Kalman 

filtering algorithm based on Gaussian entropy is better than complex kalman filtering 

algorithm and enhanced Kalman filtering algorithm. 

 

5. Conclusion 

In this paper, a Kalman filtering algorithm based on Gaussian entropy is proposed, 

and the closed solution of kalman filtering algorithm based on Gaussian entropy is 

studied. Meanwhile, the performance analysis of kalman filtering algorithm in complex 

domain is given. In simulation experiments, the author shows, when the noise signal 

noise signal is a circle, the kalman filtering algorithm based on gaussian entropy is 
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best, strengthen the kalman filtering algorithm, the traditional complex kalman 

filtering algorithm in the end, at the same time as the non-circular noise signal of DNC  

continue to increase, the kalman filtering algorithm based on gaussian entropy 

compared with kalman filter algorithm and the traditional complex kalman filtering 

algorithm shows better performance. The above results are the same as those of 

theoretical analysis. 
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